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Chapter 4: Laplace Transforms

Section 4-8: Dirac Delta Function

While Heaviside functions are useful when considering forcing functions that can be switched on and o↵, how
would we deal with a forcing function that exerts a large force over a small interval of time (say a hammer
striking an object)? The answer is the Dirac Delta function.

There are many ways to define the Dirac Delta function. Rather than focusing on its definition, we will
make use of the following properties:

1. �(t� a) = 0 whenever t 6= a,

2.

Z 1

�1
�(t� a) dt = 1, and

3.

Z 1

�1
f(t)�(t� a) dt = f(a).

While the Dirac Delta function is not a real function as we think of them, it does a nice job of modeling
sudden shocks or large forces to a system. Before moving on, we’ll need to know how the Laplace transform
acts on the Dirac Delta function.

Example 79. Use the integral definition of the Laplace transform to show that L {�(t�a)} = e�as

whenever a > 0.
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Example 80. Solve
y00 + 2y0 + 2y = �(t� ⇡), y(0) = 1, y0(0) = 0.
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We will use following shifting properties to take the inverse

Laplace Transform of x

S1 L eat fit F s al

52 LLucht fit c e
CS F s



Page 82

yet I'll it I

tiffin l

I By St eat fit L

aj.glthis to II
9 1

where F s so fit L F t sin t

then by 51 I L
is p étsin It

Similarly by St F s so fit cosh

hence I
s e tact

I Similar to II L eat y e tsin t Fet

By 52

UH Ht F EG'FCsDFÉ
unit e

t t
sin t it I

thus

yet It II Milt et tsin t it e taos t

e tsin t


